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in the spectrum [2]. The energy-dependent DOS reflects
the energy scale of electron-hole decoherence, and is sensitive to the distance, the geometry and the properties
of the contact between the normal metal and the superconductor [3–5]. The details of the local density of
states in proximity structures have been investigated experimentally many years later [6–10] and the theoretical
predictions have been confirmed [11–13] in quite a detail.
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the DOS [22, 23] are small provided G
GQ . It looks
like everything is understood, perhaps except a small dip
or peak in the DOS just at the gap edge for the di↵usive case, which has been seen in [3, 5, 24–27], but never
attracted a proper attention. The e↵ect of a large Ehrenfest time might lead to a more complex proximity density
of states. [19, 34].
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•The secondary gap ist robust against asymmetries
•Further gaps appear around phase difference π
•Phase dependent energy bands develop
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FIG. 4. Dependence of the local density of states on increasing asymmetry a = G1 /G2 . The lower part of each plot shows the
well-known minigap, the upper part shows the secondary gap. In each plot ET h = . For a symmetric setup (left plot) the
result is equivalent to Fig. 1. With increasing asymmetry a = 10 (central plot) and a = 100 (right plot) both gaps are stable,
however additional gaps appear around ' = ⇡.
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The secondary gaps we have predicted for a chaotic
cavity also persist for more general contacts involving
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gaps centered at phase di↵erence ⇡. It would be interesting to experimentally observe our predictions, e.g. in
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3) Topology and smile gaps
in a 4-Terminal Josephson junction
T. Yokoyama, J. Reutlinger, W. Belzig, and Y. V. Nazarov
Phys. Rev. B 95, 1915 (2017)

„Smile“-Gaps in Multi-Terminal Josephson-contacts

make the c
~c as follow

Ø 4-Terminal-Josephson-Ring

Scattering matrix
description

M : # in internal modes
N : # of external modes
ŝ(i) : random scattering matrix (COE)
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FIG.
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cavities. The dimension of such a matrix is (Ni + Mi + Mi 1 ) ⇥ (Ni +
Mi + Mi 1 ).

= (0, ', 3', 6')

incorporates the processes of Andreev reflection in the leads
and normal reflection from the device. ŝe,h (E) are electron
and hole scattering matrices in the normal region. Those are
ĝ ŝ⇤e ( E)ĝ with ĝ = i ˆ y . ˆ y is a Pauli
h (E) =(1991)]
[Beenakker, Phys. Rev.related
Lett. by
67,s3836
matrix. In this Article, we disregard the e↵ects of magnetic
field and spin-orbit interaction, thus disregarding the spin degree of freedom in ŝe,h (E). e±i'ˆ is a diagonal matrix with
'ˆ = diag('0 , '1 , '2 , '3 ) that accounts for Andreev reflection
e
from the corresponding leads. This form of Beenakker’s equation relies on the assumption of the same material for all of the
superconducting leads, i = . The Andreev reflection phase
is immediately related to energy via = arccos(E/ ). Since
we consider the limit of a short structure, the scattering matrix ŝe is independent of energy E. The same applies to Ŝ ,
and the energies of the ABS are readily expressed through the
eigenvalues S i of Ŝ , exp(2i (Ei )) = S i .

• Elimination of internal modes à effective ring scattering matrix
• Andreev levels determined by
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Ŝ (E) = 0

In ~c, four u
(counterclo
plete unita
Mk 1 ), that
lowing blo

= arccos E/

[Multi-terminal JJ: Cuevas, Pothier, PRL (2007); Freyn, Doucot, Feinberg, and Mélin, PRL (2011);
van Heck, Mi, Akhmerov, PRB (2014); Riwar, Houzet, Meyer, Nazarov, Nat. Comm. (2016)]
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4-Terminal Josephson ring

Ø Extreme open limit (analytic solution)

• # of external modes >> # of internal modes
r = M/N ⌧ 1

è Every Andreev level M-fold degenerate and localized
between two superconductors
è Energy depends only on a single phase difference
Ej = ±

cos(('j+1

'j )/2)

Ø general open systems (numerically)
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• For !/# < 1/2 the scattering matrices are characterized by transmission
eigenvalue distributions with a minimal transmission eigenvalue '( .

0.0

0.2

0.4

0.6

0.8

1.0

T

è Introducing one extra transmission eigenvalues ')*+ in the interval [0, '( ]
leads to stray level
Text between 0 (red) and Tc
(blue) at S(1) (numerical)

• Smile gaps are protected by
the gap in the transmission
eigenvalue distribution
• Smile gaps for ballistic
quantum point contacts

21

Summary
• Proximity density of states still has surprises beyond minigap
• Secondary gap feature at E<Δ in a cavity between superconductors
with !"# > Δ [1]
• Phase-dependent closing in a “Smile”-shape à smile gap
• Robust against asymmetries, weak spatial dependence and weak
backscattering [2]
• The level number in the DOS between minigap and smile gap is set by
the number of open transport channels [3]
• Fluctuations of the smile gap are universal
• Multi-terminal Josephson junctions provide a rich structure of multiple
gaps (smile and mini) [4]
• Gaps are protected by different levels of topology
[1] J. Reutlinger, L. Glazman, Yu. V. Nazarov, W.B. Phys. Rev. Lett. 112, 067001 (2014)
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[4] T. Yokoyama, J. Reutlinger, W. B., and Y. V. Nazarov, arXiv:1609.05455

c,74.78.Na,74.78.-w,
in the spectrum [2]. The energy-dependent DOS reflects
the energy scale of electron-hole decoherence, and is sensitive to the distance, the geometry and the properties
of the contact between the normal metal and the superconductor [3–5]. The details of the local density of
states in proximity structures have been investigated experimentally many years later [6–10] and the theoretical
predictions have been confirmed [11–13] in quite a detail.
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